Sydney Girls High School
2023
Trial Higher School Certificate
Examination

Mathematics Extension 1

General e Reading time — 10 minutes
Instructions . .
e  Working time — 2 hours
e Write using a black pen
e (alculators approved by NESA may be used
e A reference sheet is provided

e In Questions 11-14, show relevant mathematical reasoning

and/or calculations

Total marks: Section I — 10 marks (pages 3-7)
70 e Attempt Questions 1-10
e Allow about 15 minutes for this section
Section II — 60 marks (pages 8-14)
e Attempt Questions 11-14

e Allow about 1 hour and 45 minutes for this section
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............................................................... It does not necessarily reflect the format
or the content of the 2023 HSC

Examination Paper in this subject.
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Section I
10 marks

Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 — 10.

1 What is the remainder when P(x)=2x’ —3x+2 is divided by x+2?

A. 12
B. -8
C. 2

D. -3

-3 -1
2 What is the angle between the vectors ( 4 J and ( ] ?

30°
45°
135°

o 0w p

150°

3 Which of the following is equal to J‘sin2 2x dx?

1 1.

A. —x+—sindx+C
2 8

B. lx—lsin4x+C
2 8
1 1

C. —x+—cosd4x+C
2 8

D. lx—lcos4x+C
2 8
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4 Which of the following curves represents y = 3sin™' 2x ?

A. B.
))
z
2
~1 1 % 1 1
2 2
R
2
C. D.
y
RY/4
2
-2 2 x _1 1
2 2
3z
2
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Which of the following is equal to | ————-dx after applying the

x*+1

o5

substitution x =tan @ ?

A. |cos’0 dé

S —y |y

sec’ 8 do

o
(SR O

cos’ @ do

O
S t—a|n

sec’ @ do

>
O o |y

Two forces act simultaneously on a particle situated at the origin, as shown.

AY
L,

e

10N
4N

609 45°

(R

What is the resultant force, F, + F,?
A (2+5V2)i+(-23+5V2)
(2+5v2)i +(-243+5V2)
C(245V2)i+ (23 +542)
D. (2+5V2)i+(2V3+5V2);

B.

0

Page 5 of 15



The displacement of a body is given by x=2—¢*.
Which of the following is the acceleration of the body?

A. a=16(x+2)
B. a:16(x—2)
C. a:—16(x+2)

D. a=-16(x-2)

~ X\

Which of the following represents the slope field of @ X1V,
dx y-2
A. B.
- -/ /s ' /] — — ~ N s '
N = 7 /3 I — — — N~ s
I [ - - =~ 2
[ 1 7 — i Y X 1 3 ) N
4 3 2 1 0 1 2 k) A x o) 3 2 1 0
/ / / 7 4 — ~ X \ VS
J /s s o - — — N VRV
/S S S s = = = S L
Y Y A A G /LSS
C D.
S U N NN VIV
[ L S N S N N VAV VAV
[ 1 ;L ST
I/ /7 — N\ \ VAP o
7s 3 2 1 0 1 2 3 A x o 3 2 1 0
/ -~ = — -+ X~ N N\ \ s - = —
~ — — ~ 2 X N N\ — - — ~ 2
— — — ~ 3 XN N N \ — — — N3
— — ~ ~ & N N N\ —  — O~ N\
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10

Four wombats and three possums nap in a circle.

In how many ways can these animals be arranged around the circle if
no two possums nap next to each other?

A. 36

B. 144

C. 540

D. 720

The vectors # and vy have identical magnitudes.

Which of the following is a correct expression for the projection of u# onto v ?

A (u-y

<<

B.

1>
<
<

<>
1>
1<

>
1>

—_ O~ ~—  ~

<>

(
C. (i
(
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Section 11

60 marks
Attempt Questions 11 — 14
Allow about 1 hour and 45 minutes for this section

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Start a new page.

3
A
(a) Evaluate J T dx .
o VI—x

(b)  Express 3cosx—~/3sinx in the form Rcos (x+a).

6
. . . 2
(©) Find the value of the constant term in the expansion of (x __ZJ .

X

(d) Tea is spilling onto the floor, forming an expanding circle.
The radius of this circle increases at a rate of 2 cm/s.

At what rate is the surface area of the tea increasing when the radius is 8 cm?

Question 11 continues on the following page
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Question 1 (continued)

(e)

®

A team of 12 basketball players is selected from a pool of 8 left-handed

students and 16 right-handed students. How many ways can the team be chosen if:

(1) There are no restrictions?

(i1) The team has more left-handed students than right-handed students?

Solve >x+1.

3-2x

End of Question 11
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Question 12 (15 marks) Start a new page.

(a)

(b)

(c)

(d)

(e)

A population of bacteria declines rapidly according to the equation

B _

— kB,
d

where B is the number of bacteria after ¢ seconds, and k is a positive constant.
(1) Show that B = Bje™™ is a solution to the equation, where B, is a constant.

(i)  Find the value of & given that it takes 7 seconds for 99% of the initial

bacteria population to die. Leave your answer in exact form.

Find the Cartesian equation of the curve given by:

x=3cosd and y=3sinfd-5.

(1) Write sin 8 +sin 36 as a product of trigonometric functions.
(i1) Hence, show that sin0+sin30 =2sind.
cos20+1

Find J x—2 dx using the substitution v =x+2.

Nx+2

Find the volume of the solid of revolution formed when the region

in the first quadrant bounded by the y - axis, y = %x +3,and y=x"

is rotated about the y - axis.

End of Question 12
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Question 13 (14 marks) Start a new page.

(a)

A spider is fired from a cannon and collides mid-air with an ant falling from

the ceiling. The cannon is fired at the same moment the ant begins to fall.

The ceiling is # metres high, and the horizontal distance between the cannon

and the ant is d metres. Let the acceleration due to gravity be g m/s’.

Let the spider’s angle of projection be &, and let its initial speed be V' m/s.

h

y

X
The positions of the spider and the ant respectively are:
Vtcos@
re = Spider
=3 Vtsin@—lgt2 P
2
(Do not prove this)
d
r,= 1 . Ant
o\ h——=gf’
> g
. h
(1) Show that tan 8 = rE
g(d*+n)

(i1) Show that V' >

2h

Question 13 continues on the following page
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Question 13 (continued)

(b)  Consider the sketch of y = f(x) given below.

y

y=r(x)

Sketch the curve y =x f(x).

(c) ()  Expand (2y-1) .

(i1) Hence, find the inverse function of f (x) =4x° —6x” +3x.

(d) (1) If t= ‘[anf , show that L+smnx = L ﬂ
2 Vi-cosx /2] ¢
. I+sinx 1
(i)  Hence, solve —— for —r<x<r.
l-cosx 2

End of Question 13
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Question 14 (16 marks) Start a new page.

(a) A gaggle of geese grows according to the differential equation

4G (G+2)(G+3)
dr G+4

2

where G is the number of geese after ¢ days.
Initially, there were 8 geese.

G+4 2 1

Given that = -
(G+2)(G+3) G+2 G+3

, find how many days it will take for

there to be 1000 geese in the gaggle. Give your answer correct to 3 decimal places.

(b) The point X is chosen within the interval AB such that AX : XB=m:n,

where m and n are positive and m = n . Let OA = a and OB =b, as shown.

Y

()  Show that OX = "4+*™M2

m+n
(i)  The point Y is on the line AB such that

oy ="4" mb [Do not prove this]
m—n

If OX is perpendicular to OY , show that n|g| = m|13|

Question 14 continues on the following page
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Question 14 (continued)

(©) Use mathematical induction to prove, for all positive integers n > 1, that

1 1 1 (_1)n+1 1 (_1)n+1
- + —e == :
1x3 2x4 3x5 nx(n+2) 4 2(n+1)(n+2)

(d)  The cubic equation ax’ +bx* +cx+d =0 has one root which is equal to

the average of the other two roots. Show that 27a°d +2b* =9abc .

(e) Find the particular solution to the differential equation

dy cosx Zsin(x +y) cos[ﬂ)
—=——cC 2 2
dx cosy

which passes through the origin.

(Note: In the expression above, e is raised to the power of Zsin[

(57

® Let n>2 be a positive integer. Let P(x) be a polynomial of degree at most »

with non-negative integer coefficients. Suppose that P (1) =2n’.
Explain, using the pigeonhole principle, why there must be at least one

coefficient of P(x) which is at least 2n—1.

End of task
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Question 1\

3 %
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J35 o Ho
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) -~
sin A~ ~-Simn o

N2
-1/
Lr
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= R cos d cosn-KR Sand-s;'\x.
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he differential equakm. There

wee come (alculaton errors.

('D) i‘\ Quite well dowe. Students were

aw ardeol parkal wiav-R¢ Lor

recognigiag  a suitable peth = e-q.

<
-

- 5 = —> > —>
OX = 0OA+ AX OR 00X =pB + BX awd

aH'empHn] +o  use e given ratbo

(6 (i) Studeats S+rujjle¢( with +his pw-r".

The woain leSwnce'n]-sow was that

22

a. = 9«2‘ Note Hiat vectors

can No¥ be s?uarea(. The

L4 FA

RQ

Covrect chalewment s

'S a =
~

Qa
[v




(c) Well dove. The wost comemron

QHO0r Wag wyritivg:

J

, R+l

L (1) " (=)

4~ 2Re)R +2)  (RYV(R)

where +the wcorrec 5194 is

corcled v red, However  often

when +hig  error was  wmade

students weve shll dble o

5(&0\4/ [ e/ uwn dQ\/S analMJ o#‘ %g

correc+ Ma‘Hnao(' [*{'ac‘l-orfsiﬂ}) ane

:rel— 2 out & 3  warks,

d) Students Lound  Hlis Par+ C[Alxl/?/’;f’"/?.

The cormeck q’b,proach was Mos+lju,

a:\"'\'euap-l-td,, but few studeats

were able +o obtain +Hae

A ?I[AI'J‘QOL (C(QA“\'“\]




() Quite well doue. Sowme  Students
usedd twe product - to - sum |’ale.4lr5,
and  aktewpted o (/l"'c]we,-l-l! 064-0,:4,-//;,
1L wmork out of 2. Lomwmon errovs
include d solvtw] C= 0 insteod
ok C=-2  and {%fth_,M] the
v\e,gql-;vq, 5945, crcled  helow:

@é;)smj = e,SM)(' 7
()  Thic waes the wost diflcult

part ot “Jue Pqpe/‘_ Ve/j €ew

é’\'uden S were awaro(e,d. one

wmork  oudk of  Fwo, Some students

wrote valrd Prans loj contradicton

which could wot be awarded any

Mark%l, Singe  the  Fues ton  vequired

the ?iae«mhela !;rmci'plg de be used
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